Abstract. Triangular generalized Lie bialgebroids are a generalization of triangular Lie bialgebroids in the sense of Mackenzie and Xu. For this type of structures two homology and cohomology theories are considered. Moreover, we prove that the vanishing of a certain cohomology class, which we will call the modular class, implies the existence of a duality between these homology and cohomology theories. As a consequence, we recover some previous results for unimodular Poisson and Jacobi manifolds and unimodular triangular Lie bialgebroids.
1. Introduction. Lie bialgebroids were introduced and studied by Mackenzie and Xu [MX1] (see also [Ko1] ) as the infinitesimal invariants of Poisson groupoids. In fact, a Poisson groupoid has associated a Lie bialgebroid and conversely, a Lie bialgebroid structure on the Lie algebroid of a (suitably simply connected) Lie groupoid can be integrated to give a Poisson groupoid structure on the underlying groupoid (see [MX1, MX2] ). A Lie bialgebroid is a pair (A, A * ) such that A is a Lie algebroid and the dual vector bundle A * also carries a Lie algebroid structure which is compatible in a certain way with that on A. If M is a Poisson manifold and on T * M (respectively, T M ) we consider the cotangent Lie algebroid structure induced from the Poisson structure (respectively, the This theorem generalizes the results of [BZ, ELW, X] about the duality between the canonical homology and the Poisson cohomology for unimodular Poisson manifolds, the results of [Ko2] for unimodular triangular Lie bialgebroids and the results of [LLMP, V3] about the duality between the LJ-cohomology and the canonical LJ-homology (in the terminology of [LLMP] ) for unimodular Jacobi manifolds. We also apply the above theorem to the particular case when A is a real Lie algebra g of finite dimension, φ 0 = 0 and P = r is a solution of the classical Yang-Baxter equation on g, that is, the pair (g, r) is a triangular Lie bialgebra.
2. Lie algebroids. Homology and cohomology theories. If M is a manifold of dimension n, we will denote by C ∞ (M, R) the algebra of C ∞ real-valued functions on M , by Ω k (M ) the space of k-forms, by V k (M ) the space of k-vectors, with k ≥ 2, by X(M ) the Lie algebra of vector fields, by [ , ] the Schouten-Nijenhuis bracket on V * (M ) = ⊕ k V k (M ) and by δ the usual exterior differential on Ω * (M ) = ⊕ k Ω k (M ) . A Lie algebroid A over a manifold M is a vector bundle A over M together with a Lie algebra structure [[ , ] ] on the space Γ(A) of the global cross sections of A → M and a bundle map ρ : A → T M , called the anchor map, such that, if we also denote by ρ : Γ(A) → X(M ) the homomorphism of C ∞ (M, R)-modules induced by the anchor map, then:
(i) ρ : (Γ(A), [[ , ] ]) → (X (M ) , [ , ] ) is a Lie algebra homomorphism and (ii) for all f ∈ C ∞ (M, R) and for all X, Y ∈ Γ(A), one has
The triple (A, [[ , ] ], ρ) is called a Lie algebroid over M (see [M, P] ). If A is a Lie algebroid, the Lie bracket on the sections of A can be extended to the so-called Schouten bracket [[ , ] ] on the space Γ(∧ * A) = ⊕ k Γ(∧ k A) of multi-sections of A in such a way that [ [X, f ] 
for f ∈ C ∞ (M, R), X ∈ Γ(A), P ∈ Γ(∧ k A), P ′ ∈ Γ(∧ k ′ A) and
) is a Gerstenhaber algebra (see [M] ).
Remark 2.1. The definition of Schouten bracket considered here is the one given in [V2] (see also [BV, L1] ). Some authors, see for example [ELW] , define the Schouten bracket in another way. In fact, the relation between the Schouten bracket [[ , ]] ′ in the sense of [ELW] and the Schouten bracket [[ , ] ] in the sense of [V2] is the following [ [P, Q] ]
Examples 2.2. i) A trivial example of a Lie algebroid is the triple (T M, [ , ], Id), where M is a differentiable manifold and Id : T M → T M is the identity map.
ii) The Lie algebroid (T M × R, [ , ], π): Let M be a differentiable manifold and A → M a vector bundle over M . It is clear that A × R is the total space of a vector bundle over M . Moreover, the dual bundle to A×R is A * ×R and the spaces Γ(∧ r (A×R)) and
, with i ∈ {1, . . . , r} and j ∈ {1, . . . , k}. Under these identifications, the contractions and the exterior products are given by
Using the above identifications, we will exhibit a natural Lie algebroid structure on the vector bundle T M × R. If π : T M × R → T M is the canonical projection on the first factor and [ , ] is the bracket given by
, π) is a Lie algebroid over M (see [M, N] ).
iii) The Lie algebroid (T
) of a Jacobi manifold: A Jacobi structure on a manifold M is a 2-vector Λ and a vector field E on M satisfying (see [L2] )
The manifold M endowed with a Jacobi structure is called a Jacobi manifold. If (M, Λ, E) is a Jacobi manifold, we can define a bracket of functions (the Jacobi bracket) by the
for all f, g ∈ C ∞ (M, R). The space C ∞ (M, R) endowed with this Jacobi bracket is a local Lie algebra in the sense of Kirillov (see [Ki] ). Conversely, a structure of local Lie algebra on C ∞ (M, R) defines a Jacobi structure on M (see [GL, Ki] ). If (M, Λ, E) is a Jacobi manifold, the 1-jet bundle T * M × R → M admits a Lie algebroid structure ([[, ] ] (Λ,E) , # (Λ,E) ), where [[, ] ] (Λ,E) and # (Λ,E) are defined by [KS] ). Here, L denotes the Lie derivative operator and # Λ : (4) and (5) it follows that
In the particular case when (M, Λ) is a Poisson manifold (i.e., E = 0) we recover, by projection, the Lie algebroid (
Λ is the bracket of 1-forms defined by (see [F] ):
Next, we will recall the definition of the Lie algebroid cohomology complex with trivial coefficients. For this purpose, we will recall the definition of the cohomology of a Lie algebra A with coefficients in an A-module (we will follow [V2] ). Let (A, [ , ] ) be a real Lie algebra (not necessarily finite dimensional) and M a real vector space endowed with a R-bilinear multiplication
for a 1 , a 2 ∈ A and m ∈ M. In other words, we have a representation of A on M. In such a case, a k-linear skew-symmetric mapping c k :
These cochains form a real vector space C k (A; M) and the linear operator
defines a cohomology operator. Hence, we have the corresponding cohomology spaces H k (A; M). This cohomology is called the cohomology of the Lie algebra A with coefficients in M, or relative to the given representation of A on M.
is a Lie algebroid, we can define the representation of the Lie algebra (Γ(A), [[ , ] ]) on the space C ∞ (M, R) by X·f = ρ(X)(f ), for X ∈ Γ(A) and f ∈ C ∞ (M, R). We will denote by d the cohomology operator of the corresponding cohomology complex. Note that the space of the k-cochains which are
, for all k, and thus one can consider the subcomplex (Γ(∧ * A * ), d |Γ(∧ * A * ) ). The cohomology of this subcomplex is the Lie algebroid cohomology with trivial coefficients and the restriction of d to Γ(∧ * A * ) is the differential of the Lie algebroid A (see [M] ). We will denote the corresponding cohomology spaces by H * (A). By the above definitions, a 1-cochain φ ∈ Γ(A * ) is a 1-cocycle if and only if
On the other hand, if X ∈ Γ(A) then one can introduce the Lie derivative by X as the operator ii) The Lie algebroid
of the Lie algebroid is given by (see [LLMP, LMP] ) [LMP] the Lichnerowicz-Jacobi cohomology (LJ-cohomology, for brevity) of M . This cohomology plays an important role in the geometric quantization of the Jacobi manifold M and in the existence of prequantization representations for complex line bundles over M (for more details, see [LLMP, LMP] ).
Another description of the LJ-cohomology is the following. Consider the representation of the Lie algebra of functions on itself given by the hamiltonian vector fields, that is,
The resultant cohomology is called the H-Chevalley-Eilenberg cohomology of M (see [LLMP, LMP] ). The LJ-cohomology is just the cohomology of the subcomplex of the H-Chevalley-Eilenberg complex which consists of the 1-differentiable cochains, i.e., the k-linear skew-symmetric differential operators of order 1 (see [LLMP] for more details).
When (M, Λ) is a Poisson manifold, the differential of the Lie algebroid (T
* M, [[ , ]] Λ , # Λ ) is the operator d Λ = −[Λ, · ].
This operator was introduced by Lichnerowicz in [L1] to define the Poisson cohomology H
Now, we will recall the definition of the homology operator associated with a Lie algebroid A over M of rank n and a flat A-connection on ∧ n A → M (see [X] ).
The curvature R of an A-connection ∇ may be defined as for the usual connections. ∇ is said to be flat if R vanishes.
where
for f ∈ C ∞ (M, R) and X, Y ∈ Γ(A). Moreover, the connection ∇ can be recovered from the operator D. More precisely, we have that
for all X ∈ Γ(A) and Φ ∈ Γ(∧ n A). In fact, (13) and (14) If ∇ and ∇ ′ are two A-connections on ∧ n A, then there exists α ∈ Γ(A * ) such that
As a consequence,
where D and D ′ are their corresponding generating operators. Moreover, (
, for all k (for more details, see [X] ).
Remark 2.4. There are some differences of sign between the above formulas and those ones in [X] . The reason is the definition of the Schouten bracket (see Remark 2.1).
Example 2.5. Let (M, Λ, E) be a Jacobi manifold of dimension n and { , } the associated Jacobi bracket. Then, one can consider the flat (
This homology operator was introduced by Vaisman in [V3] . The corresponding homology H * (T * M × R, ∇) was studied in [LLMP, V3] .
induces the homology operator ∂ Λ given by the commutator of i(Λ) and δ, that is,
is just the canonical homology complex introduced by Koszul [K] and studied by Brylinski in [B] .
3. Differential calculus on Lie algebroids in the presence of a 1-cocycle φ 0 3.1. φ 0 -cohomology. Let (A, [[, ] ], ρ) be a Lie algebroid over M and φ 0 ∈ Γ(A * ) be a 1-cocycle in the Lie algebroid cohomology complex with trivial coefficients. Using (10), we can define a representation ρ φ0 :
for X ∈ Γ(A) and f ∈ C ∞ (M, R) (see [IM2] ). Thus, one can consider the cohomology of the Lie algebra (Γ(A), [[, ] ]) with coefficients in C ∞ (M, R) and the subcomplex Γ(
We have that
where d is the differential of the Lie algebroid (A, [[ , ] ], ρ). The corresponding cohomology spaces will be denoted by H * φ0 (A) (see [IM2] ). [GL, LLMP, V1] . These results were used in the study of locally conformal Kähler and locally conformal symplectic structures.
ii) For the Lie algebroid (
is a 1-cocycle (see (11)) and the φ 0 -differential is given bỹ E) ) be the Lie algebroid associated with a Jacobi manifold (M, Λ, E) . Denote by d (Λ,E) the differential of this Lie algebroid. From (3) and (12), it follows that
is a 1-cocycle. Then, using (2), (12) and (19), we obtain the following expression for the
is just the cohomology operator of the 1-differentiable Chevalley-Eilenberg cohomology complex of M (see [GL, L2] ). We denote by H * 1−dif f (M, Λ, E) the cohomology of this complex. In fact, in [GL] the 1-differentiable Chevalley-Eilenberg complex is described as the subcomplex of the Chevalley-Eilenberg complex which consists of the 1-differentiable cochains. We recall that the Chevalley-Eilenberg complex is the one defined by the representation of the Lie algebra of functions on itself given by
is a Lie algebroid then, imitating the definition of the Schouten bracket of two multilinear first-order differential operators on the space of C ∞ real-valued functions on a manifold N (see [BV] ), we introduced in [IM2] the φ 0 -Schouten bracket of a k-section P and a k ′ -section P ′ as the (k + k ′ − 1)-section given by
where [[ , ] ] is the usual Schouten bracket of A. The φ 0 -Schouten bracket satisfies the following properties.
Example 3.3. For the Lie algebroid (T M × R, [ , ], π), we have that the Schouten bracket is given by M ) . Consequently (see (2) and (22)),
Note that (Λ, E) ∈ Γ(∧ 2 (T M × R)) defines a Jacobi structure on M if and only if [(Λ, E), (Λ, E)] (0,1) = 0 (see (3) and (23)). Moreover, using (21) and (23), we have that E) ) (−E,0) of the Lie algebroid associated with a Jacobi manifold (M, Λ, E) is given by
Compare equation (24) with the expression of the differential of the Lie algebroid associated with a Poisson manifold (see iii) of Example 2.3).
Homology and cohomology theories and triangular generalized Lie bialgebroids. Let (A, [[ , ]]
, ρ) be a Lie algebroid over M and φ 0 ∈ Γ(A * ) a 1-cocycle. Moreover, let P ∈ Γ(∧ 2 A) be a bisection satisfying
The triple (A, φ 0 , P ) is a triangular generalized Lie bialgebroid in the sense of [IM2] (note that if φ 0 = 0 then the pair (A, P ) is a triangular Lie bialgebroid [MX1] ). Denote by # P : Γ(A * ) → Γ(A) the homomorphism of C ∞ (M, R)-modules given by 
for φ, ψ ∈ Γ(A * ). Moreover, ((A, [[ , ] ], ρ), φ 0 , P ).
, π), (0, 1), (Λ, E)) is a triangular generalized Lie bialgebroid. In this case, the dual Lie algebroid is just the algebroid (T * M × R, [[, ] ] (Λ,E) , # (Λ,E) ) associated with the Jacobi structure. Indeed, using (2), (5), (20) and (26), we deduce 
Proof. Let φ, ψ two sections of A * and X a section of A. A direct computation, using (18) and (27), proves that
for α ∈ Γ(A * ) and f ∈ C ∞ (M, R). Then, from (9), (27) and (28), we obtain that
On the other hand, if L denotes the Lie derivative of the algebroid A, we have that
and Z ∈ Γ(A). Using this fact and (1), we get that
Substituting these expressions in (29), we deduce that
Finally, using (22) and the properties of the Schouten bracket, we conclude that
In order to prove that this relation holds for Q ∈ Γ(∧ k A) it is sufficient to proceed by induction on k and to use the following fact,
for R ∈ Γ(∧ r A) and R ′ ∈ Γ(∧ * A). Finally, from (19), (22) and since X 0 = −i(φ 0 )P , we deduce that
Now, denote by # P : A * → A the bundle map induced by the homomorphism of 
for γ ∈ Γ(∧ 2 A * ) and φ, ψ ∈ Γ(A * ). Using (1), (26) and (31), we obtain
for α ∈ Γ(A * ). Thus, from (25), (32) and Proposition 4.2, we deduce that
Therefore, since
. This proves i). ii) follows from i), (19) and (30). Finally, using i) and ii), we obtain iii).
On the other hand, if (A, φ 0 , P ) is a triangular generalized Lie bialgebroid over M , one can define a Jacobi bracket on the base space M as follows (see [IM2] )
The Jacobi structure (Λ, E) induced by this bracket { , } is characterized by
(see [IM2] for more details). Now, if (A, [[ , ] ], ρ) is a Lie algebroid over M and φ 0 ∈ Γ(A * ) is a 1-cocycle, we can consider the homomorphism of
This homomorphism induces a Lie algebroid homomorphism, which we also denote by (ρ, φ 0 ), between the Lie algebroids (A, [[ , ] ], ρ) and (T M × R, [ , ], π). We will denote by (ρ, φ 0 ) * : T * M × R → A * the adjoint homomorphism of (ρ, φ 0 ).
], ρ), φ 0 , P ) be a triangular generalized Lie bialgebroid over M. Suppose that (Λ, E) is the associated Jacobi structure over M . Then, the bundle map (ρ, φ 0 )
Thus, it is sufficient to prove that (ρ
Using this fact, (5), (19) and (35) we conclude that
for all g ∈ C ∞ (M, R). Next, we will show that (ρ, φ 0 )
* induces a homomorphism of Lie algebras, i.e.,
Again, it is sufficient to prove this equality for pairs of the form (δf, f ) and (δg, g). But, from (6), (27), (34) and (37), we obtain that
Using Proposition 4.4, we deduce that
], ρ), φ 0 , P ) be a triangular generalized Lie bialgebroid over M. Suppose that (Λ, E) is the associated Jacobi structure on M and that (ρ,
is the cohomology operator of the LJ-cohomology complex of M and d * is the differential of the dual Lie algebroid (21) and Corollary 4.5, we conclude that Corollary 4.6. Under the same hypotheses as in Corollary 4.5, we have that:
k induces a homomorphism between the cohomology groups H k X0 (A * ) and H k 1−dif f (M, Λ, E). Remark 4.7. A triangular generalized Lie bialgebroid is an example of a generalized Lie bialgebroid (see [IM2] ). A generalized Lie bialgebroid over a manifold M is a pair
a 1-cocycle in the Lie algebroid cohomology complex of A with trivial coefficients, A * is the dual bundle to A which admits a Lie algebroid structure ([[ , ]] * , ρ * ) and X 0 is a 1-cocycle of A * . Moreover, the Lie algebroids A and A * and the 1-cocycles φ 0 and X 0 must satisfy the following conditions
for X, Y ∈ Γ(A) (see [IM2] ). When φ 0 = 0 and X 0 = 0, we recover the notion of a Lie bialgebroid.
Every generalized Lie bialgebroid on M induces a Jacobi bracket { , } on M . { , } is defined as in (34) and satisfies the following condition
Using these facts, one can prove that Proposition 4.4 and Corollaries 4.5 and 4.6 are true for generalized Lie bialgebroids (not necessarily triangular).
4.2.
Homology theories and triangular generalized Lie bialgebroids. Let (A, φ 0 , P ) be a triangular generalized Lie bialgebroid over M. Then, it is possible to define a Lie algebroid structure ([[ , ] ] * , ρ * ) on the dual bundle A * and, moreover, M admits a Jacobi structure (Λ, E).
As we have previously mentioned, the LJ-cohomology (respectively, the 1-differentiable Chevalley-Eilenberg cohomology) of M, H * In order to describe these homologies, we recall the definition of the homology of a Lie algebra A with coefficients in an A-module (see, for instance, [CE] ).
Let (A, [ , ] ) be a real Lie algebra (not necessarily finite dimensional) and M a real vector space endowed with a R-bilinear multiplication A × M → M, (a, m) → a · m satisfying (8).
An M-valued k-chain is an element of the vector space
which satisfies δ k−1 • δ k = 0, for all k. Thus, we have the corresponding homology spaces H k (A; M). This homology is said to be the homology of the Lie algebra A with coefficients in M or relative to the given representation of A on M.
In particular, for a Jacobi manifold (M, Λ, E) with associated Jacobi bracket { , }, we can consider the homology of the Lie algebra (C ∞ (M, R), { , }) on itself relative to the representation defined by the hamiltonian vector fields (respectively, the Lie bracket { , }). This homology is called the H-Chevalley-Eilenberg (respectively, Chevalley-Eilenberg) homology associated with M . Now, let ((A, [[ , ] ], ρ), φ 0 , P ) be a triangular generalized Lie bialgebroid over M . Denote by (Λ, E) the associated Jacobi structure on M , by C k (M ) the space of k-chains in the Chevalley-Eilenberg and H-Chevalley-Eilenberg homology complex of M and by ∂ (Λ,E) HCE (respectively, ∂ (Λ,E) CE ) the homology operator of the H-Chevalley-Eilenberg (respectively, Chevalley-Eilenberg) complex.
Imitating the construction of the canonical homology operator of a Poisson manifold [B] and of the canonical LJ-homology operator of a Jacobi manifold [LLMP] , we consider the skew-symmetric k-linear mappingπ k :
A direct computation, using (19), shows that
for all f 1 , . . . , f k ∈ C ∞ (M, R), α ∈ Γ(A * ) and β ∈ Γ(∧ * A * ). These formulas allow us to deduce the following facts
The following (27) and (39), we obtain that
for f ∈ C ∞ (M, R) and φ ∈ Γ(A * ). Furthermore, from (19), (27), (38), (39) and since that X 0 = −# P (φ 0 ), it follows that 
Then,
Indeed, it is clear that
Moreover, since X 0 = −# P (φ 0 ) and
we deduce that
On the other hand, using (41), we have that
Therefore, from (45) and (46), we conclude
Substituting (47) in (43), we obtain (42). Now, using (38), (39), (41), (42) and the fact that dφ 0 = 0, we deduce that
for φ ∈ Γ(∧ k A * ). Thus, from (44), (45), (48) (14) and (38))
for all α ∈ Γ(A * ) and Φ ∈ Γ(∧ n A * ).
4.3. Triangular generalized Lie bialgebroids, duality and modular class. In this Section, we will introduce the modular class for a triangular generalized Lie bialgebroid. Moreover, we will study the role played by this cohomology class in the duality between the cohomology and homology theories introduced in Sections 4.1 and 4.2.
Assume that (A, [[ , ] ], ρ) is an orientable Lie algebroid of rank n and let ν ∈ Γ(∧ n A * ) be a nowhere vanishing n-section. If φ 0 ∈ Γ(A * ) is a 1-cocycle and P ∈ Γ(∧ 2 A) is a bisection satisfying [ [P, P ] ] φ0 = 0, we can consider the dual Lie algebroid (A, [[ , ] ] * , ρ * ) associated with the triple ((A, [[ , ] ], ρ), φ 0 , P ).
Define the * -operator from Γ(∧ k A) to Γ(∧ n−k A * ) as follows * Q = i(Q)ν, for Q ∈ Γ(∧ k A).
Clearly, * is an isomorphism of C ∞ (M, R)-modules. Moreover, we have that 
for all α ∈ Γ(A * ). Thus, (51) implies that
for all k ∈ {0, . . . , n}. Now, we will compare the homology H k (A * , ∇ 0 ) (respectively, H k (A * , ∇ X0 0 )) with the homology of the dual Lie algebroid (A * , [[ , ] ] * , ρ * ) associated with the flat A * -connection ∇ (respectively, ∇ X0 ) defined in (49) (respectively, (50)). In fact, using (49), (50) and (52), we obtain that
for all α ∈ Γ(A * ). On the other hand, if L is the Lie derivative on A, from (38), we deduce that
Substituting in (54), we conclude that 
for all α ∈ Γ(A * ). From (55) and (56), it follows that
